ABSTRACT. We consider the equivariant K-theory of the real semisimple Lie group which acts on the (complex) flag variety of its complexification group. We construct an assemble map in the framework of KK-theory. Then we prove that it is an isomorphism. The prove relies on a careful study of the orbits of the real group action on the flag variety and then piecing together the orbits. This result can be considered as a special case of the Baum-Connes conjecture with coefficient.
INTRODUCTION
Let G be a locally compact topologicial group and A is a C * -algebra equipped with a continuous action of G by C * -algebra automorphisms. Following [3] section 4, we define the equivariant K-theory of A to be the K-theory of the reduced crossed product algebra: K The proof of Theorem 1.1 in this paper relies on a careful study of the orbits of the real group action on the flag variety: We first proof the isomorphism on one single orbit of the G-action and then piecing together the orbits. The proof does not require the hard techniques in KK-theory and representation thoery therefore it can be treat as an elementary proof. This paper is organized as follows: In Section 2 and 3 we construct the assemble map. In Section 4 we study the assemble map on one of the G-orbits of the flag variety. In Section 5 we study the G-orbits on B and in Section 6 we prove the Theorem 1.1. In Section 7 we give an example to illustrate the idea of this paper. This work is inspired by the study of equivariant K-theory in [3] the Matsuki correspondence in [12] . Hopefully it will be useful in the representation theory of real semisimple Lie groups, e.g. in the constructions of discrete series, see [16] .
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NOTATIONS AND FIRST CONSTRUCTIONS
We will use the following notations in this paper (1) Let G be a connected real semisimple Lie group, U be the identity component of a maximal compact subgroup of G. In the sequel we fix such a U and call it the maximal compact subgroup of G. (2) We denote the space G/U by S. (3) Let G C be the complexification of G, B C be the Borel subgroup of G C and B be the flag variety.
We know that B ∼ = G C /B C . (4) Let T be any space with continuous G-action. Let C 0 (T ) be the space of continuous functions on T which vanishes at infinity. If T is compact, then C 0 (T ) = C(T ) is the space of all continuous functions on X. We define
K * U (T ) can be defined in the same way. In particular we can define K * U (B) and K * G (B). Obviously G acts on the flag variety B. Unlike G C , the G-action is not transitive, see [12] and Section 5 of this paper.
THE DIRAC-DUAL DIRAC METHOD AND THE ASSEMBLE MAP
In this section we will construct the assemble map
for any G-space T . We work in the framework of Kasparov as in [10] .
3.1. Poincare Duality in KK-theory. We have the Poincare duality isomorphism in KK-theory. 
✷ Let X = S. Under the Poincare duality, to get the assemble map, it is sufficient to construct a map
3.2. The Dirac Element. For G, X and C τ (X) as in Theorem 3.1, Kasparov defines the Dirac element
Remark 1. We do not require that X is spin in the definition of d G,X .
Now we want to find the relation between equivariant KK-theory and the K-theory of crossed-product algebras.
First remember we have the map
Apply this to
Next, we know that Kasparov gives the following definition-theorem (Theorem 3.11 in [10] )
There is a natural homomorphism
) which is compatible with the Kasparov product. Moreover, for 
Remark 2. As pointed out in remark 1, we do not require S to be spin to define the assemble map.
3.3. The Spin Case. Let us look at the spin case and get some intuition. When S is spin and of even dimension, it is well known that C τ (S)) is strongly Morita equivalent to C 0 (S). Hence the Poincare duality gives us
In this case, the Dirac element d G,S is exactly the index map of the Dirac operator ( [1] ) and this justified the name "Dirac element". Therefore the assemble map is given by the index map
We can look at K G (T × S) from another viewpoint. Remember that S = G/U . In fact we have the following general result
Proof: See [3] , Section 2.5. In fact, both sides are quotient spaces of G × T by right actions of H. The point is that the actions are different.
For
Then we see that the following map
intertwines the action · and •. Moreover it is equivariant under the left G-action. ✷
The following isomorphism is very natural, see [14] 
Lemma 3.4 (The induction map). For any group G, H ⊂ G a closed subgroup, and an H-space T , there is an induction map
Here the G-action on G × H T is the left multiplication on the first component.
Remark 3. The sprit of Proposition 3.3 and 3.4 will appear later in Lemma 4.2.
Now let H be U , the maximal compact subgroup. According to Proposition 3.3 and 3.4, the assemble map in Definition 3.1 has the following form
The Connes-Kasparov conjecture claims that the above map is an isomorphism.
Remark 4.
In the statement of the Connes-Kasparov conjecture we do not require G/U to be spin, see [13] . 
such that the Kasparov product
When the group G is obvious, we will denote them by d X and η X . Kasparov also showed that for the maximal compact subgroup U of G, the homogenous space G/U is a G-special manifold.
need not to be 1.
Remark 6. If γ X = 1, then d X and η X are invertible elements under the Kasparov product.
When is the Dirac Element Invertible?
Kasparov proved that γ X = 1 in some special cases, which is sufficient for our purpose. To state the result in full generality we need to introduce the concept of restriction homomorphism Let f : G 1 → G 2 be a homomorphism between groups, the restriction homomorphism
Proposition 3.5. If X is a G 2 manifold and f : G 1 → G 2 as above. Then under the map r G 2 ,G 1 we have 
✷ Corollary 3.7. For any G, let H < G be a closed subgroup. Then we have
✷ Corollary 3.8. γ (G) = 1 for every amenable almost connected group G.
Proof: In Theorem 3.6, let G 1 = G and G 2 be the trivial group, we know γ (G 2 ) = 1 therefore γ (G) = 1. ✷
Remark 7. Remember Remark 6, we know that if G is an amenable almost connected group, then
d G/U = d (G) and η G/U = η (G) are
invertible elements in the KK-groups.
Now we can immediately get a isomorphic result in the almost connected amenable case. The following result is implicitly given in [10] ,5. 10. Theorem 3.9. If P is an almost connected amenable group, L is the maximal compact subgroup of P , T is an P -space, then the assemble map
is an isomorphism.
Proof: By Theorem 3.8 we know that γ (P ) = 1 hence d (P ) is invertible. Since D in the definition of the assemble map (Definition 3.1) is obtained from d (P ) , and remember Theorem 3.2, invertible elements go to invertible elements. So µ P,T is an isomorphism. ✷
THE ASSEMBLE MAP ON A SINGLE G-ORBIT OF THE FLAG VARIETY
According to [12] , there are finitely many G-orbits on B. Let us denote α + to be one of them. Let H be the isotropy group of G at a critical point (see [12] for the definition of critical points) x ∈ α + .
Remark 8. This notation will be justified in Section 5.
We want to prove Proposition 4.1. The assemble map
Remark 9. Proposition 4.1 is the building block of the main theorem of this paper-Theorem 1.1. We will piece together the blocks in Section 6.
The proof of Proposition 4.1 consists of several steps. First we prove the lemma
Lemma 4.2 (Interchange subgroups).
There is an isomorphism:
Proof: First by Poincare duality
Then notice that α + can by identified with G/H. By a strong Morita equivalence argument similar to Lemma 3.4 we have
Finally by Poincare duality again we have
We get our result. ✷ Now we are ready to obtain the following result Proposition 4.3. We have the following commuting diagram:
where the vertical maps are the assemble maps and the horizontal isomorphisms are given in Lemma 3.4 and Proposition 4.3.
Proof: To prove the proposition we need to investigate the maps. First we look at the right vertical map. At the beginning we have the Dirac element
apply the restriction homomorphism r G,H we get
Nevertheless we have the Dirac element
In fact from the definition it is easy to see that they are equal:
Then we apply the map 
On the other hand we have the map
which we denote by D G,α + . Right multiplication of D G,α + gives the other vertical map
The horizontal maps in the diagram are given by Strongly Morita equivalence. Now, under the Strongly Morita equivalence, D G,α + ∼ = D H , so the diagram commutes. ✷ According to Propostion 4.3, in order to prove Proposition 4.1, i.e.
is an isomorphism, it is sufficient to prove the following proposition
Proof: It is sufficient to prove
is invertible. In fact, we can prove that d H,S ∈ KK H (C τ (S), C) is invertible. This follows from the fact that H is almost connected amenable together with some formal arguments.
As in the construction in Section 3, we have the dual Dirac element
We want to prove γ H,S = 1. Remember that H is an almost connected amenable group and we have Theorem 3.8, which claims that
where by definition γ (H) = γ H,H/U ∩H . We need to prove γ (H) is equal to γ H,S . Notice that γ H,S is nothing but the image of the element γ G,S under the restriction homomorphism
i.e.
Other other hand, in the notation of Theorem 3.8, γ G,H is nothing but γ (G) , and again by Theorem 3.8 we have
Compare the last two identity we get 
is an isomorphism. ✷ Proof of Proposition 4.1: Combine Proposition 4.3 and 4.4 we know get
is an isomorphism, which finishes the prove of Proposition 4.1.✷
THE G-ORBITS ON THE FLAG VARIETY
We have proved the isomorphism on one orbit of G. Now we need to study the G=orbits on B and in the next section we will "piece together orbits".
The result on the G-orbits in [12] is important to our purpose, so we summarize their result here 
is an G-orbit, and the unstable set
is an U C -orbit, where U C is the complexification of U in G C . 
Proof: By the previous corollary,
so there exists an x ∈ α + ∩ β − . Since lim t→+∞ φ t (x) ∈ α, we have
On the other hand since α = β we get α ⊂ β − and β ⊂ α + . So
So we have f (α) > f (β).
✷
We can now give a partial order on the set of G-orbits of B.
we choose an arbitary partial order on them.
Now let us list all G-orbits in B in ascending order, keep in mind that there are finitely many of them:
From the definition we can easily get 
is a closed subset of B. Notice that α
Proof: It is sufficient to prove that Z i contains all its limit points, which is a direct corollary of Definition 5.1 and Corollary 5. 
THE BAUM-CONNES CONJECTURE ON FLAG VARIETIES
With the construction in the last section, we can piece together the orbits Proposition 6.1. For 1 i k − 1 we have a short exact sequence of crossed product algebras:
From the construction we also get
Since B is a compact manifold, we get that Z i and Z i+1 are both compact. The inclusion gives a short exact sequence:
Now we need to go to the reduced crossed-product C * -algebras. The following technique result will help us:
Theorem 6.2 ([11] Theorem 6.8). Let G be a locally compact group and
be a short exact sequence of G-C * algebra. Then we have a short exact sequence:
This finishes the proof of Proposition 6.1 ✷ From Proposition 6.1 we have the well-known six-term long exact sequence
Similarly we have
The fact is that Formula 26 and 27 together form a commuting diagram.
Proposition 6.3. We have the following commuting diagram:
where the top and bottom are the six-term exact sequences and the vertical arrows are assemble maps µ.
Proof: The diagram commutes because all the vertical maps µ come from the same element
as in Section 4. ✷ After all these work we can prove Theorem 1.1.
Proof of Theorem 1.1: We use induction on the Z i 's. First, for
is an isomorphism. Assume that for
By Proposition 4.1, the vertical maps on the left face of Commuting Diagram 28 are isomorphisms. Moreover by induction we can get that the vertical maps on the right face are isomorphism too, hence by a 5-lemma-argument we get the middle vertical maps are also isomorphisms, i.e. for Z i+1 ,
is an isomorphism. There are finitely many orbits and let α + k be the largest orbit, it follows that
is an isomorphism. we finished the proof Theorem 1.1. ✷
AN EXAMPLE
We look at the case when G = SL(2, R) and G C = SL(2, C). Hence
It is well-known that the G C (hence) G acts on B = CP 1 by fractional linear transform, i.e. using projective coordinate
From Formula 34 we can see that the action of G on B is not transitive. In fact, it has three orbits α 
is the representation ring of T and Then we look at K 0 U (B), and K 1 U (B). We know that for G = SL(2, R) the maximal compact subgroup U = T . By Bott periodicity we have
and
As for α 
Remark 11. Using Bott periodicity theorem we can obtain precisely the algebra structure of K * U (B) as in [17] . Therefore Baum-Connes conjecture will be a powerful tool to investigate K G (B) and to study the representation theory of G.
